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A new technique is presented for generating linear fractional transformation-baseduncertainty models for use in
the robustness analysis of � ight control systems using the structured singular value ¹. The proposed approach can
be almostfully automatedand does not require closed-form linear expressions for howthe aircraft dynamicsvary as
a function of the uncertain aircraft parameters. Only a nonlinear software model of the closed-loop aircraft, which
canbeef� ciently trimmedand linearized numerically, is required. In theproposed technique, lineardependencies of
the aircraft dynamicson the uncertain parameters are modeled by a multidimensionalregression plane. Additional
nonlinear dependencies are modeled using a band structure de� ned by nonlinearity compensation parameters.
The capability of the proposed approach to identify worst-case uncertain parameter combinationsis demonstrated
through the robustness analysis of a lateral-axis control law for a generic civil transport aircraft. The approach is
compared with classical analysis methods via the robustness analysis of a multivariableglide-slope coupler control
law for a Boeing 747 transport aircraft.

Nomenclature
A; B; = state-space matrices
C; D
CL¯

= rolling moment derivative, due to sideslip angle ¯
CN¯

= yawing moment derivative, due to sideslip angle ¯
CY¯

= side force derivative, due to side slip angle ¯
Fu = upper linear fractional transformation
he; xe = altitude, aircraft position north
Jx ; Jz = inertia in x and z axis
M = known part of a closed-loop system
m = mass
n y = acceleration in y direction
p; q = roll rate, pitch rate
Nq = dynamic pressure
S; b = wing area and span
u = input vector
V = inertial velocity
VT = air speed
x = state vector
xcg; zcg = x and z positions of the center of gravity
y = output vector
®; ¯; ° = angle of attack, sideslip angle, and � ight-path angle
1 = uncertainty in a closed-loop system
±p; ±r = aileron and rudder de� ection
±m = uncertain parameter, corresponding to mass
±¹ = structured singular value sensitivity
¹ = structured singular value
½ = stability margin
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N¾ = largest singular value
Á; µ = roll angle, pitch angle

I. Introduction

T HE analysis of stability and performance robustness to varia-
tions in uncertain aircraft parameters represents a major issue

in the � ight control law analysis/certi� cation process.The complex-
ity of current aircraft simulation models and control laws, together
with the large number of different combinations of � ight param-
eters (e.g., variations in mass, center of gravity positions, inertia,
nonlinear aerodynamics, aerodynamic tolerances, air data system
tolerances, structural modes, and failure cases) that must be exam-
ined throughout the entire � ight envelope, makes this analysis a
costly and labor-intensive task. As well as identifying the regions
of the � ight envelope where the aircraft is “safe to � y,” a key issue
in the control law analysis is to identify worst-case (in terms of the
resulting closed-loopstability or performance) combinationsof the
uncertain parameters. Current approaches that check stability and
performance at each point in a gridding of the space of all possible
uncertainparameter variationsquickly become computationallyin-
ef� cient as the numberof uncertainparameters increases.Moreover,
gridding approaches provide no guarantee that the true worst case
has in fact been found: In particular,situationswhere the worst-case
parameter combinationoccurs in the interior of the parameter space
could easily be missed.

The technique of ¹ analysis1 has been proposed as a tool that
may be used to improve both the ef� ciency and accuracy of the
� ight control law analysis task.2;3 Unlike the gridding approach, ¹
provides guarantees that a particular stability or performance prop-
erty is satis� ed over a continuousrange of values for each uncertain
parameter.Moreover,worst-casevalues of these parametersmay be
computed on a frequency-by-frequency basis.

To apply ¹-analysis techniques to the � ight control law certi� ca-
tion problem, a so-called linear fractional transformation- (LFT-)
based model of the uncertain closed-loop system must � rst be
generated.4 Consider a linear time-invariant, closed-loop system
that is subject to some unstructuredand/or structured type of norm-
boundeduncertainty,arranged in the form shown in Fig. 1. It is gen-
erally possible to rearrange any such system into the form shown in
Fig. 2, where M represents the known part of the system (plant and
controller) and 1 represents the uncertainty present in the system.
In effect, extra inputs and outputs are introduced so that the system
uncertainty can be considered as part of an external feedback loop.

1029



1030 MANNCHEN, BATES, AND POSTLETHWAITE

If M is partitionedcompatibly with the matrix 1, the transfer func-
tion of the closed-loop system shown in Fig. 2 is then given by the
upper LFT:

y D Fu.M; 1/r D
£
M22 C M211.I ¡ M111/¡1 M12

¤
r (1)

When it is assumed that the nominal system (1 D 0) is asymptoti-
cally stable and that 1 is a complex unstructureduncertaintyblock,
the small gain theorem5 can be used to derive the following result:
The closed-loop system is stable if and only if

N¾ [1. j!/] < 1= N¾ [M11. j!/] 8! (2)

This result de� nes a stability test for a closed-loop system subject
to unstructureduncertainty in terms of the maximum singular value
of the matrix M11.

Now consider the case where the uncertainty matrix 1 has a
diagonal or block diagonal structure, that is,

1. j!/ D diag[11. j!/; : : : ; 1n. j!/]

N¾ [1i D 1 ::: n. j!/] · km. j!/ (3)

Again, assume that the nominal system (1 D 0) is asymptotically
stable, and consider the following question: What is the maximum
value of km . j!/ 8! for which the closed-loop system will remain
stable? Applying the small gain theorem to this problem is again
possible; however, the result will be conservativebecause the diag-
onal structure of the 1 matrix will not be taken into account. To
get a nonconservativesolution, the structured singular value ¹ was
introduced1:

¹1. j!/[M11. j!/]

:D 1=.. minfkm. j!/ such that det[I ¡ M11. j!/1. j!/] D 0g//
(4)

where ¹ de� nes a stability test of a closed-loop system subject to
structureduncertainty in terms of the maximum structured singular
value of the matrix M11. The problem of calculating the exact value
of ¹ has been shown to be nonpolynomial time (NP) hard,6 and so
in practice upper and lower bounds are generally computed using
various approaches.2

In recent years much attention has been paid to the issue of how
to generate ef� ciently accurate (and ideally minimal) LFT-based
uncertainty models for complex uncertain systems. See Ref. 2 for
an overview. A common assumption among almost all of the ap-
proaches suggested is that closed-form analytical expressions re-
lating the aircraft dynamics to the uncertain parameters of interest
are available, from which LFT-based uncertainty models may be
derived. Such expressions usually take the form of nonlinear equa-
tions of motion involving the uncertain parameters, which, when
linearized symbolically using dedicated software tools,7¡9 result in

Fig. 1 Closed-loop system
with uncertain plant.

Fig. 2 Upper LFT uncer-
tainty description.

linear state-space models whose coef� cients depend explicitly on
the uncertain parameters.Given state-spacemodels in this form, the
generation of accurate, if not always minimal, LFT-based uncer-
tainty models is then relativelystraightforward.See Refs. 10–12 for
some � ight control examples.The main drawbacks of the described
approachcanbe identi� ed as thesubstantialmodelingeffort required
to relate accurately all of the uncertain parameters to the nonlinear
aircraft dynamics and that the symbolically linearized state-space
models are generallyvalid only at and around the relevantoperating
point in the � ight envelope.

In this paper, we present an alternative approach for generat-
ing LFT-based uncertainty models that does not require the avail-
ability of analytical expressions relating the aircraft dynamics to
the uncertain parameters. Only a nonlinear software model of
the closed-loop aircraft, which can be ef� ciently trimmed and
linearized numerically for different values of the uncertain pa-
rameters, is required. Preliminary results of this research have
been published in Ref. 13. The proposed approach allows a sig-
ni� cant reduction in the modeling effort required and in gen-
eral can be applied to complex systems that cannot be satisfac-
torily described using simple differential-equation-based symbolic
models.

The main point of this paper is to show that theproposedapproach
is a valid alternativeprocedure,which may be appliedwhen it is not
possible to use an exact symbolic approach to LFT modeling.There
are two main reasonswhy it might not be possible to apply the exact
approach to a realistic aircraft model:

1) Many nonlinear aircraft models are hybrid in structure, that is,
they may be implemented in a block diagrammodelingenvironment
such as SIMULINK®, but within various SIMULINK blocks there
may be .mex � les running FORTRAN or C code. If these � les are
accessinguncertainaircraftparameters, then it is not possible to use
the exact approach at all.

2) Even if the entire model is in pure SIMULINK form, LFT
modeling using the exact approach assumes that the linearization
of the model can be considered to be independent of the uncertain
parameters. If, for example, the angle of attack ® is to be considered
as an uncertain parameter for the purposes of LFT generation, it
will not be valid to use an LFT that is exact only at the nominal
value of ®.

The paper is organized as follows: Section II provides a detailed
descriptionof the proposed techniquefor generatingLFT-based un-
certaintymodels.The capabilityof the proposedmethodto calculate
the worst-case uncertain parameter combination is demonstrated in
Sec. III, by comparing¹-analysis resultswith those producedfor an
exactsymbolicLFT-baseduncertaintymodelof a genericcivil trans-
port aircraft model. In Sec. IV, the proposed technique is compared
with theclassicalgriddingapproach,via the analysisof a glide-slope
coupler control law for a more realistic, full nonlinear model of a
Boeing 747 aircraft. Finally, some conclusions are presented in the
Sec. V.

II. LFT-Based Uncertainty Modeling
Using Trends and Bands

As shown in Ref. 14, LFT-based parametric uncertainty models
may beconvenientlyderivedfroma linearstate-spacerepresentation
of the uncertain system of the form

Px D .A0 C A1±1 C ¢ ¢ ¢ C An±n/x C .B0 C B1±1 C ¢ ¢ ¢ C Bn±n/u

y D .C0 C C1±1 C ¢ ¢ ¢ C Cn±n/x C .D0 C D1±1 C ¢ ¢ ¢ C Dn±n/u

(5)

The matrices A0; B0; C0 , and D0 describe the nominal system,
whereas Ak ; Bk; Ck , and Dk; k D 1; : : : ; n, describedeviationsfrom
the nominal systemdependingon the normalizedphysicaluncertain
parameter ±k with ¡1 · ±k · 1.

In this paper, we focus primarily on the problem of generating
state-spacerepresentationsof the type given in Eq. (5) from the orig-
inal nonlinearsimulationmodel of the aircraft.Variousmethods can
be used to tackle this problem.The � rst possibilityis to use a Taylor-
series approximationaround a chosen equilibriumpoint. For exam-
ple, the A matrix dependingon the kth parameter can be written as



MANNCHEN, BATES, AND POSTLETHWAITE 1031

A D A.±k D 0/| {z }
A0

C @ A

@±k

­­­­
±k D 0| {z }

Ak

±k (6)

where the partial derivatives in expression (6) can be computed nu-
merically using � nite differences. The advantage of this method is
that it uses a standard procedure and that the partial derivatives can
be calculated easily. This formulation, however, is valid only for
regions in the � ight envelope where uncertainty results in small or
linearvariationsin the aircraftmodel. In the case of highlynonlinear
dependence of the state-space representation on the uncertain pa-
rameters, linearizationintervalsbecome so small that the parameter
envelope must be split into many small regions. Moreover, without
exact knowledge of the system, the determination of the lineariza-
tion intervals, the computation of the derivatives, and the choice of
appropriate equilibrium points are often dif� cult.

A secondapproachto theproblemofgeneratingLFT-baseduncer-
tainty models in the form given by Eq. (5) is the so-calledmin–max
technique.9;15 Here, the values of the system-matrix elements are
evaluated so that the minimum and the maximum value within the
given parameter range are identi� ed elementwise.For example, one
element ai j of the A matrix can be written as

ai j D ai j0
C ai jminmax ±ai jminmax

(7)

with

ai j0 D
¡
ai jmax C ai jmin

¢¯
2; ai jminmax D

¡
ai jmax ¡ ai jmin

¢¯
2

¡1 · ±ai jminmax
· 1 (8)

Note that for each varying element of the state space matrices
A; B; C , and D an individual ± is needed. Note further that these ±
are � ctitious and have no physicalmeaning. The method is straight-
forward to implement, but it can lead to conservatismbecause pos-
sible joint parametric dependencies in the state-space model are
ignored. Furthermore, because the � ctitious ± do not directly repre-
sent the physical uncertain parameters, it is not possible to identify
the worst-case combination of these parameters in the resulting ¹
analysis.

In this paper we proposea new method for generatingLFT-based
uncertainty models that is less conservative than the min–max ap-
proach and, moreover, allows the computation of worst-case uncer-
tainty combinations in terms of physical uncertain parameters. As
with the min–max approach, however, no closed-form expressions
(typically linearized equations of motion) involving the physical
parameters are required. The key idea of the proposed method is
to model the uncertaintiesusing a curve-� tting technique in a least-
squaressense. Consider, for example, the elementai j D f .±k / of the
matrix A depending on one parameter ±k . The formulation

ai j D ai j0 C ai jk ±k (9)

then represents a linear approximation of the dependency of this
element on the uncertain parameter ±k , assuming the coef� cients
ai j0 and ai jk are derived using a least-squares � t based on m data
pairs .a1

i j ; ±1
k /; : : : ; .am

i j ; ±m
k /. Figure 3 illustrates both the actual de-

pendency ai j D f .±k/ and the approximation ai j D ai j0 C ai jk ±k and
shows the r th data pair .ar

i j ; ±r
k /; r D 1; : : : ; m. For k D 1; : : : ; n

Fig. 3 Dependence of a matrix element on a parameter; problem of
linear approximation.

uncertain parameters, the equation for the coef� cients is then given
by

2

6664

1 ±1
1 : : : ±1

n

1 ±2
1 ±2

n

¢ ¢ ¢¢ ¢ ¢
1 ±m

1 : : : ±m
n

3

7775

| {z }
X

2

664

ai j0

ai j1

¢¢
ai jn

3

775

| {z }
y

D

2

66664

a1
i j

a2
i j

¢¢
am

i j

3

77775

| {z }
z

(10)

This usually overdeterminedsystem of equations can be solved for
the coef� cients in a least-squaressense by solving

y D .X T X /¡1 X T z (11)

In the case of two uncertain parameters, the curve that was approx-
imated by a line, as in Fig. 3, can then be interpreted as a surface
that is approximated by a plane. In the case of n uncertain param-
eters, the approximation can be interpreted as a multidimensional
regression plane.

Note that the implementationof higher-orderpolynomial � ts un-
der this approach is also straightforward.For the work presented in
this paper, however, a linear � t was found to be adequate.

Repeating the described procedure for all elements of the state
space matrices A; B; C , and D yields a set of parameter-dependent
system equations,

Px D .A0 C A1±1 C ¢ ¢ ¢ C An±n/x C .B0 C B1±1 C ¢ ¢ ¢ C Bn±n/u

y D .C0 C C1±1 C ¢ ¢ ¢ C Cn±n/x C .D0 C D1±1 C ¢ ¢ ¢ C Dn±n/u

(12)

Note that the ± are now all related to the physical uncertain
parameters.

For use in a ¹ analysis, these � ts must be transformed into an
LFT-baseduncertaintymodel. To do so, a state-spacerepresentation
is created, using the approach proposed in Ref. 14. In a matrix
representation, the M block for the linear � t can be assembled in
the following manner:

2

6664

Px
z1

¢¢
zn

y

3

7775 D

2

66666666664

A0 [A1 B1] ¢ ¢ ¢ [An Bn ] B0µ
I

0

¶
0 ¢ ¢ ¢ 0

µ
0

I

¶

¢ ¢ ¢ ¢¢ ¢ ¢ ¢µ
I

0

¶
0 ¢ ¢ ¢ 0

µ
0

I

¶

C0 [C1 D1] ¢ ¢ ¢ [Cn Dn] D0

3

77777777775

¢

2

6664

x
w1

¢¢
wn

u

3

7775

(13)

When the loop between [w1; : : : ; wn ]T and [z1; : : : ; zn ]T is closed
with the 1 block, which is of the form

1 D diag

³
±1

µ
I 0

0 I

¶
; : : : ; ±n

µ
I 0

0 I

¶´
(14)

it can be shown that Eqs. (13) and (14) are an LFT of the system
given in Eq. (12) (see Ref. 14).

The method described is a linear approximation of the uncertain
system.Therefore, it does not covernonlinearitiesin thedependence
of state-space matrices on the uncertain parameters. Hence, some
unstablecombinationscouldbe left out during the ¹ analysis,which
would make the whole analysis invalid. For instance, assume that a
matrix has a varying element ai j . As shown in Fig. 3, the unstable
region could be left out by the test, if only a linear approximation
is used. To include deviationsfrom the linear approximations,addi-
tional real nonlinearitycompensationparameters(CPs) are added to
the existing ± set (Ref. 9). These take the form of ai jCP ±ai jCP

, where
ai jCP represents the maximum deviation from the linear represen-
tation and ±ai jCP

is an additional normalized ±. The compensation
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parameters add an uncertainty band structure to the trend estab-
lishedby the dependenceof the state-spaceelementson the physical
uncertain parameter. Each compensation parameter independently
acts on one state-spacematrix element. To keep the variation range
or the size of the band as small as possible, the least-squares� t is the
preferred method for the linear approximationbecause it minimizes
the size of the required band. The equation for one matrix element
of the A matrix can now be written as

ai j D ai j0 C ai j1 ±1 C ¢ ¢ ¢ C ai jn ±n C ai jCP ±ai jCP
(15)

The size of the band is chosen to be the maximum error between
the linear approximation and the actual value of a matrix element.
Figure 3 illustrates this for the r th data point. Note that the size of
the band depends on the number and locations of the data points
r . A strategy for choosing an appropriate number of data points is
given in Sec. IV. The following equation gives the size of the band
for the general case of n parameters:

ai jCP D max
r D 1;:::;m

¡­­ai j

¡
±r

1; : : : ; ±r
n

¢
¡ ar

i j

­­¢ (16)

In the proposed technique, therefore, we try to � nd trends that rep-
resent the parameter variations, but allow for nonlinear variations
by introducing CPs. In the general case, these trends are modeled
by a multidimensional regression plane, which describes the linear
variation,and a band structure(CPs), which is limitedby planespar-
allel to the regression plane, above and below, to include nonlinear
deviations. The actual value of the uncertain state-space element is
then assumed to lie somewhere within this band structure.

Compared with the elementwise min–max approach, which also
works with bands, the size of the bands is now reduced, thus de-
creasing the conservatism of the analysis results (Figs. 4 and 5).
Furthermore, the trends introduce ± with a physical interpretation,
which can be used to identify the actual worst-case combinationof
the physical uncertain parameters.

The nonlinearity CPs ±CP are introduced into the LFT by adding
four submatrices, E; F; G , and H , to the M block representation,
2
666664

Px
z1

¢¢
zn

zCP

y

3
777775

D

2

6666666666666664

A0 [A1 B1] ¢ ¢ ¢ [An Bn ] [E 0] B0µ
I

0

¶
0 ¢ ¢ ¢ 0 0

µ
0

I

¶

¢ ¢ ¢ ¢ ¢¢ ¢ ¢ ¢ ¢µ
I

0

¶
0 ¢ ¢ ¢ 0 0

µ
0

I

¶

µ
G

0

¶
0 ¢ ¢ ¢ 0 0

µ
0

H

¶

C0 [C1 D1] ¢ ¢ ¢ [Cn Dn] [0 F] D0

3

7777777777777775

¢

2

66664

x
w1

¢¢
wn

wCP

u

3

77775

(17)

with the corresponding1 block,

1 D diag

³
±1

µ
I 0

0 I

¶
; : : : ; ±n

µ
I 0

0 I

¶
; ±CP1 ; : : : ; ±CPt

´
(18)

The total number of CPs t is the number of nonlinearlyvarying ele-
ments in the state-space matrices A; B; C , and D. The submatrices
E; F; G, and H are assembled in the following manner: E and F
consist of as many columns as CPs. In each column, the maximum
deviation of a matrix element, for example, for matrix A: ai jCP , is
placed in the position that corresponds to the row index i of the
matrix element; all other entries are set to 0. E containsall ai jCP and
bi jCP , whereas F contains all ci jCP and di jCP . In a similar manner, G

Fig. 4 Elementwise min–max approach.

Fig. 5 Trends and bands approach.

and H are assembled with rows for each compensation parameter,
but now the matrix element with the column index j is set to 1; the
other elements equal 0.

To illustrate this, an example state-space system with two states,
one input,andoneoutput is considered.Assume the matrix elements
a11 and d11 are varying and there is only one physical uncertain
parameter. The LFT would then look like
2

664

Px
z1

zCP

y

3

775 D

2
66666666666664

A0

µ
a111 0 0

0 0 0

¶ µ
a11CP 0

0 0

¶
B0

2
4

1 0

0 1

0 0

3
5 0 0

2
4

0

0

1

3
5

µ
1 0

0 0

¶
0 0

µ
0

1

¶

C0

£
0 0 d111

¤ £
0 d11CP

¤
D0

3
77777777777775

¢

2

64
x
w1

wCP

u

3

75

(19)

Note that the all-zeroscolumn (fourth column) and the correspond-
ing fourth row can be deleted but was left in here for clarity. The
corresponding1 looks like
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1 D diag

0

@±1

2
4

1 0 0

0 1 0

0 0 1

3
5 ; ±CP1 ; ±CP2

1

A (20)

III. Computation of Worst-Case
Parameter Combinations

To demonstrate the capability of the proposed method to � nd
worst-case parameter combinations, a control system16 for the lat-
eral axis of a civil transport aircraft2 is considered. The model was
chosen because an exact LFT representation,17 based on a physical
model derived from symbolicequations,is availablefor comparison
of worst-caseparameterresults.The nominalmodel is characterized
by four states x D [¯ p r Á]T , four outputs y D [n y p r Á]T , and
two control inputs u D [±p ±r]T . The linearized lateral equationsof
motion, at a trim value of the angle of attack and of the pitch angle,
®0 and µ0 , are given as

P̄ D
NqSCY¯

m
¯ C

³
NqSbCYp

2mVT
C sin ®0

´
p C

³
NqSbCYr

2mVT
¡ cos ®0

´
r

C
g

V
Á C

NqSCY± p

m
±p C

NqSCY±r

m
±r (21)

Pp D
NqSbCL¯

Jx m
¯ C

NqSb2CL p

2Jx VT m
p C

NqSb2CLr

2Jx VT m
r

C
Nq SbCL± p

Jx m
±p C

NqSbCL ±r

Jx m
±r (22)

Pr D
Nq SbCN¯

Jzm
¯ C

NqSb2CNp

2Jz VT m
p C

NqSb2CNr

2Jz VT m
r C

Nq SbCN±r

Jzm
±r (23)

PÁ D p C tan µ0r (24)

The acceleration at the center of gravity is given by

n y D ¡
V

g

³
NqSCY¯

m
¯ C

NqSbCYp

2mVT

p C
NqSbCYr

2mVT

r

C
Nq SCY±p

m
±p C

NqSCY±r

m
±r

´
(25)

A second-order actuator is included at the aileron control input ±p
and a third-order actuator at the rudder input ±r . See Ref. 2 for
details of the model and the values of the constants in the preceding
equations. As suggested in Ref. 17, uncertainties are introduced in
the mass and in the 14 stabilityderivatives(Table 1). Each uncertain
parameter is allowed to vary within §10% of its nominal value.

A constrained static output feedback law was synthesized using
H1 loop shaping techniques.16 The control input is an output feed-
back of the type

u D ¡
µ

k1 0 0 0

0 k2 k3 k4

¶
y (26)

Table 1 Worst-case parameter combinations for T&B and exact LFT,
for T&B bands and exact LFT with reduced number of parameters,

and ¹ sensitivities for T&B and exact LFT

Parameter ±T&B ±exact ±T&B;red ±ex;red ±¹;T&B ±¹;exact

m 1.000 1.000 1.000 1.000 0.226 0.108
CY¯ ¡1.000 ¡1.000 ¡1.000 ¡1.000 0.237 0.200
CYp 0.572 ¡0.409 —— —— 0.000 0.000
CYr ¡0.742 ¡0.892 —— —— 0.000 0.000
CY±p

0.981 1.000 1.000 1.000 0.022 0.020
CY±r

0.999 1.000 0.999 1.000 0.012 0.010
CL¯ 1.000 1.000 1.000 1.000 0.219 0.167
CL p ¡0.919 ¡0.971 —— —— 0.000 0.000
CLr ¡0.941 ¡0.889 —— —— 0.001 0.001
CL± p

¡1.000 ¡1.000 ¡1.000 ¡1.000 0.139 0.116
CL±r

¡1.000 ¡1.000 ¡1.000 ¡1.000 0.075 0.059
CN¯

¡0.946 ¡0.273 ¡0.969 ¡0.310 ¡0.001 0.011
CNp 0.681 0.111 —— —— 0.000 0.000
CNr ¡0.677 ¡0.801 —— —— 0.000 0.000
CN±r ¡1.000 ¡0.949 ¡0.999 ¡0.912 0.007 0.006

The LFT uncertainty model for the closed-loop system is given by
the relation

2
64

n y

p
r
Á

3
75 D Fu [M .s/; 1]

µ
±p

±r

¶
(27)

with the structure of 1 depending on the LFT-generation method.
LFT representationsderivedusing three differentmethods are com-
pared. The � rst LFT is referred to as the exact LFT because it is
based on a representation of the symbolic equations and the uncer-
tain parameters in SIMULINK block diagram form. The method
is described in detail in Ref. 17 and, thus, details will not be given
here. We note, however, that the process of generatingan LFT-based
uncertaintymodel using this methodwas quite tediousand time con-
suming, even for this simple academic aircraft model. To reduce the
number of repeated ±, the mass was factored out of the equations
of motion. The 1 associated with the resulting LFT consists of 18
real ±, of which 4, corresponding to the mass, are repeated. The
second LFT is obtained using the min–max approach described in
the preceding section. The resulting 1 consists of 19 real ± without
physical meaning. Finally, the proposed trends and bands (T&B)
method yields an LFT with a 1 matrix consisting of 38 real ±. Of
these, 19 ± correspondto the physicalparameters,of which the mass
is repeated5 times.The remaining19 ± are compensationparameters
with no physical interpretation, other than providing a mechanism
for capturing the nonlinear dependence of the state-space matrices
on the uncertain physical parameters.

In the following ¹ calculations the MATLAB® ¹-toolbox4 has
been used to calculate the upper bound (UB) on ¹. Because the
mixed-¹ lower bound (LB) algorithms contained in the toolbox
oftenyieldpoor resultsandcan even fail to convergewhenappliedto
problemscontainingonlyrealuncertainties,a methodfor computing
lower bounds on real ¹ proposed in Ref. 15 was used. The problem
of calculatinga lower bound on ¹ is formulated as an optimization
problem,

min
x 2 <n

N¾ .1/ with 1 D diag.x/ (28)

with the nonlinear inequality constraint

det[I ¡ 1M11. j!/] · " (29)

where " is a small number de� ned by the user.
The resultingupper and lower boundson ¹ for the three LFTs are

shown in Figs. 6 and 7. As expected, the peak value of the ¹ upper
bound for the exact LFT is the smallest. The min–max-based LFT
¹-peak value is approximately double the size of the exact value
whereas the proposed trends and bands approach yields a value
approximately 50% higher than the exact result. In the � rst two
columns of Table 1, the worst-case parameter combinations corre-
sponding to the peak value of the ¹ lower bound for the trends and
bands and the exact LFT are given, both normalized to lie between
¡1 and 1. When the worst-case parameter combination predicted
by the trendsand bands approach is comparedwith the actualworst-
caseparametercombination,note that thevaluesagree in most cases.
To analyze the cases of disagreement, the ¹-sensitivities18 for both
the trends and bands and the exact LFT are calculated. The ¹ sen-
sitivities are de� ned as

±¹i D lim
1® ! 0C

¹[M.®/] ¡ ¹[M .® ¡ 1®/]
1®

­­­­
® D 1

(30)

where ® is a scalar weight applied to the uncertainty ±i . The ¹ sen-
sitivities allow a comparison to be made between the different ele-
ments ±i of the 1 matrix, to � nd out which elementsare contributing
most or least to the maximum value of ¹.

Based on the ¹ sensitivities given in the � fth and sixth columns
of Table 1, both the trendsand bandsand the exactLFTs are reduced
to contain only signi� cant ±. The ¹ calculation is then repeated for
the reducedLFTs. Figure 8 shows a comparisonof the ¹ bounds for
the exact LFT with all ± and with signi� cant ± only. The curves are
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Fig. 6 Civil transport aircraft example ¹ UB using three different LFT creation techniques.

Fig. 7 Civil transport aircraft example ¹ LB using three different LFT creation techniques.

nearly identical,con� rming the result obtainedby the ¹-sensitivities
analysis. The selection of signi� cant ± and the resulting worst-case
parameter combinationsare given in the third and fourth columnsof
Table 1. Now all worst-caseparameters suggestedby the trends and
bandsLFT agreewith the exactworst-caseparametersexceptfor the
valueofCN¯

. A manualvariationof thisparameter,however,showed
that the dependenceof the closed-loopsystem’s eigenvalueson CN¯

is negligible. This leads to the conclusion that the worst-case value

of CN¯
is mainly in� uenced by the initial guess in the optimization

algorithm and is not really a function of the systems properties, as
was already indicated by the very small value of the ¹ sensitivity
for CN¯

. As a consequence, we conclude that the proposed trends
and bands approach allows the correct identi� cation of all relevant
worst-case parameters for this example, without the need for the
dif� cult and time-consumingtask of generatingan exact LFT-based
uncertainty model.
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Table 2 gives a timing comparison for the exact, the min–max,
and the trends and bands approach. The computational effort for
calculating the ¹ upper bound and the ¹ lower bound at the ¹
peak frequency is given. Note that only the exact and the trends
and bands approach yield a physical worst-case uncertain parame-
ter combination.Clearly, the LFT derived using the exact approach
yields the fastest ¹ computation time. However, as already noted,
there will be many situations when the exact approach cannot be
used at all. In such cases, the min–max approach provides an al-
ternative method. At the cost of some increased computation time,
the proposed trends and bands approach reduces the conservatism
associatedwith themin–max approachand also allows thecomputa-
tion of the worst-case uncertaintyin terms of the physical uncertain
parameters.

IV. Comparison with the Classical Approach
To compare the results based on the proposed method for gen-

erating parametric LFT-based uncertaintymodels with the classical
analysisapproach,a more realisticmodelof a large transportaircraft
is considered. This model was used to investigate the 1992 Ams-
terdam aircraft accident19 and provides an accurate simulation of
all � ying qualities, characteristics,and hydraulic system operations
of a Boeing 747-100/200 aircraft throughout its � ight envelope.
For example, the nonlinearsimulationmodel includes aerodynamic

Table 2 Timing comparison for the generic civil
transport aircraft example, ¹ UB and ¹ LB, for

the various approaches to LFT modeling

Timing, sa

Approach ¹ UB ¹ LBb

Exact 28.8 23.2
Min–max 34.2 32.6c

T&B 110.2 188.3

aComputer time ona standardPentiumII 0.5-GHz processor.
bFor ¹-peak frequency.
cLBcan be calculated but doesnot yield a physicalworst-case
parameter combination with the min–max approach.

Fig. 8 Civil transport aircraft example ¹ bounds for the exact LFT with all ± and signi� cant ± only.

effects on control surfaces, the lateral control system spoiler pro-
gram, and a full simulationof the aircrafthydraulicsystem architec-
ture, as well as the cockpit-to-control-surface and JT9D-7J engine
dynamics. Because of the complexity of the model, and because
lookup tables are used to evaluate the aerodynamicparametersover
the � ight envelope, accurate closed-form expressions relating the
aircraftdynamics to the uncertainparametersof interest cannot eas-
ily be derived. As a consequence, methods to generate LFT-based
uncertainty models based on symbolic equations were not consid-
ered. Instead, we compare the two alternative options: a classical
analysis based on a gridding of the uncertain parameter space and
the proposed trends and bands approach to LFT-based uncertainty
modeling.

In the following analysis, we consider the longitudinalaxis only.
The control law used for the analysis is a multivariable glide-slope
coupler,20 designed for a � ight case of steady horizontal � ight at
MachD 0:8 and an altitude of 20,000 ft (6096 m) with each uncer-
tain parameter at its nominal value. The longitudinal-axisequations
of motion are characterized by six states x D [q V ® µ he xe]T .
The inputs are the control column for the elevator and the thrust set-
ting for the four engines. The outputs air speed VT and � ight-path
angle ° are fed back to the controller. The actuator for the elevator
and the enginedynamicsare both modeledby second-ordersystems.
Variations in the aircraft mass, as well as center of gravity position
in the x and z directionsare consideredas uncertainparameters.The
mass is allowed to vary between 300,000 and 350,000 kg, the range
for the x positionof thecenterof gravityis 11–31%of themean aero-
dynamic chord, and the z positionof the center of gravity is allowed
to vary within §1 m of its nominal value. These uncertain param-
eters are represented by the normalized variables ¡1 · f±m ; ±x cg,
±z cgg · 1, where C1 .¡1/ corresponds to the maximum (minimum)
physical value.

To quantify the level of robustnessof the consideredclosed-loop
system in the analysis,a measure of robustnesshas to be de� ned. To
compare meaningfullyboth analysis approaches,we adopt a classi-
cal stabilitymargin,basedon a Nicholsexclusionregion,commonly
used in the aerospace industry to evaluate robustness of � ight con-
trol systems. The closed loop is cut at the sensors at the position
indicated in Fig. 9. To avoid the shortcomings of measuring gain
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and phase margins separately, a criterion of simultaneous gain and
phase margins is used.21 As shown in Fig. 10, the stability mar-
gin ½ is characterized by an exclusion zone in the Nichols plane
for the open-loop frequency response of each loop of the system.
A gain offset of 4.5 dB and a phase-offset of 35 deg is de� ned to
correspond to a stability margin of ½ D 1. The exclusion zone can
be scaled until it touches the Nichols curve resulting in a stability
margin of ½ > 1 (½ < 1) satisfying (violating) the criterion for each
loop of the system. Because all uncertainty parameters are allowed
to vary (and affect each loop) simultaneously, this stability margin
results in a true multivariable robustness test. Note that the loops
can be cut one at a time or simultaneously and that the loop can be
broken on the actuator side as well as on the sensor side. Because of
space restrictions in this paper, only the results for the VT feedback
loop cut at the sensor output are given.

With the use of the classical approach to study the in� uence of
the uncertain parameters, a grid of 5 points was applied to each
parameter, resulting in 53 D 125 uncertain parameter combinations,
at which the stability margin ½ has been calculated. The results are
given in Fig. 11. In this approach, the worst-case uncertainty pa-
rameter combination can be identi� ed to be the maximum possible
mass and the center of gravity at its highest and aft limit posi-
tion. This agrees with our expectations from � ight dynamics. The
corresponding Nichols curves are given in Fig. 12. In the nominal
case the Nichols exclusion criterion is passed, ½ D 1:24, whereas
the worst-case uncertainparameter combinationleads to a violation
of the criterion with a stability margin of ½ D 0:82. Because of the
gridding of the uncertain parameter space, however, no guarantee
can be given that the actual worst-case uncertain parameter com-
bination has been found. This becomes particularly important in
situationswhere the worst case is not producedby a combinationof
the parameters at their vertices.

The effect of the parameters on the time-domain properties of
the closed-loop system can be seen in a comparison of the step

Fig. 9 Loop broken at the sensors.

Fig. 10 De� nition of the stability margin ½ as simultaneous gain and phase margin in the Nichols plot.

responses. For example, a step response in ° is shown in Fig. 13.
Both reference following and decoupling of � ight speed and � ight-
path angle are signi� cantly degraded at the worst-case uncertainty
parameter combination.

In the proposed trends and bands approach,LFT-based paramet-
ric uncertainty models are generated for the preceding closed-loop
systemwith the threeuncertainties,mass and x and z positionsof the
centerof gravity.For the purposesof comparison,both the min–max
approach and the trends and bands technique are used to generate
uncertaintymodels.The 1 associatedwith the min–max-basedLFT
uncertainty model consists of 27 � ctitious min–max ±. The trends
and bands uncertainty model has an associated 1 composed of 9
repeated ± for the mass, 9 repeated ± for xcg , 3 repeated ± for zcg,
and an additional 27 � ctitious ± associated with the compensation
parameters.

The results of a ¹-stability test using both LFT-based uncer-
tainty models are given in Fig. 14. Both ¹ upper bound peak
values, 0.81 for the min–max and 0.78 for the trends and bands
approach, guarantee robust stability of the closed-loop system for
the considered uncertainty parameter range, as was expected from
the analysis using a gridding approach. It can be observed that
the conservatism for the phugoid peak is reduced by 30% with
the trends and bands approach in comparison with the min–max
technique.

To determine the number of data points required for the linear
� t in the trends and bands LFT-generation procedure, the follow-
ing procedure was used: Produce an initial LFT-based uncertainty
model using the vertices, that is, the minimum and maximum value
of the uncertain parameters only. This gives an uncertainty model
characterized by trends only. Plot the resulting ¹ upper bound, as
given in Fig. 14. Next, increase the number of data points and re-
calculate and plot the corresponding ¹ upper bound. Repeat this
until no further increase in the resulting ¹ upper bounds toward
the min–max-based ¹ upper bound result is observed (Fig. 14).
The number of points used for the � nal ¹ calculation can then be
regarded as being suf� cient to cover possible nonlinearities in the
dependenceof the state-spacematrix elementson theuncertaintypa-
rameters. Here, � ve data points for all three uncertainty parameters
were used.

To calculate the worst-case uncertainty parameter combination
with respect to the Nichols criterion, the exclusion zone is in-
cluded in the ¹ analysis for the trends-and-bands-based LFT un-
certainty model as suggested by D. G. Bates, R. Kureemun, and
T. Mannchen in “Ef� cient and Exact Computation of Multivariable
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Fig. 11 Stability margin ½ for the V feedback loop depending on mass and position of center of gravity.

Fig. 12 Nichols curves for the V feedback loop for a variation of parameters, including nominal and worst case.

Stability Margins for Aerospace Control Systems” (in prepara-
tion). The size of the exclusion zone is then iteratively scaled un-
til a ¹-peak value of unity is obtained. The � nal scaling factor
for the Nichols exclusion zone corresponding to a ¹-peak value
of unity is then equivalent to the minimum (worst-case) stabil-
ity margin ½ that can be guaranteed for the considered uncertain
parameter range. When this approach was used, the value of the
stability margin calculated using the trends-and-bands-based LFT

uncertainty model was 0.31. Compared to the stability margin of
0.82, calculatedwith the parameter grid, this result is conservative.
However, the associated worst-case uncertainty parameter com-
bination calculated from the ¹ lower bound is ±m D 1; ±x cg D 1,
and ±z cg D 1, which is exactly the same as the worst-case uncer-
taintyparametercombinationidenti� ed with the parametergridding
approach. Thus, although the guaranteed stability margin is con-
servative, the worst-case uncertainty parameter combination was
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Fig. 13 Step response on ° for the nominal plant (controller design point) and plant at worst-case parameter combination.

Fig. 14 Parametric uncertainty models based on min–max, T&B, and linear (trends only) approaches: ¹ stability test (UB).

again found exactly in this example. Furthermore, the LFT-based
uncertaintymodel covers all possibleuncertaintyparameter combi-
nations, in contrast to the classical approach, which merely evalu-
ates the criterion on a � nite number of data points. Thus, situations
where the worst-case parameter combination occurred in the inte-
rior of the parameter space, which could easily be missed by the
classical approach, would be found by the LFT-based uncertainty
model.

V. Conclusions
This paper has introduced a new technique for the generation

of LFT-based uncertainty models that are required as inputs for
the analysis of � ight control systems using the structured singu-
lar value ¹. In contrast to standard approaches, which use sym-
bolic linearizedequationsofmotion, theproposedapproachrequires
only a nonlinear software model of the aircraft, which can be ef-
� ciently trimmed and linearized. In the proposed technique, linear
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dependencies (trends) of the aircraft dynamics on the uncertain pa-
rameters are modeled by a multidimensional regression plane. Ad-
ditional nonlinear dependenciesare modeled using a band structure
de� ned by nonlinearity compensation parameters. The major ad-
vantage of the proposed approach is the capability to identify the
true worst-case combination of uncertain parameters with signi� -
cantly reduced modeling effort. This capability was demonstrated
via the analysis of a lateral-axis controller for a simple civil trans-
port aircraft model. The approachwas also compared with classical
gridding-based analysis methods via the robustness analysis of a
multivariableglide-slopecouplercontrol law for a detailedmodelof
a Boeing 747 transport aircraft. For this example, consistent results
were obtained in terms of identi� cation of the worst-caseparameter
combination, although in general only the trends and bands method
guaranteesrobustnessfor all possible combinationsof the uncertain
parameters. The major limitation of the proposed approach is that it
is prone to be at least somewhat conservative,especiallyfor systems
with a strongnonlineardependenceof the state-spacerepresentation
on the uncertainparameters.On the other hand, the techniqueallows
theprocessof generatingLFT-baseduncertaintymodels to be almost
fully automated. More generally, the proposed approach opens up
the possibility of applying the powerful ¹-analysis theory to large-
scale complex systems that cannot be satisfactorilydescribed using
simple differential-equation-based symbolic models.
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